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ByW. I?erl

SUNMARY

A simpleapproxhnatemethodisgivenforthecalculationof
isentropioirrotationalflowspastsymmetricalairfoils,including
mixedsubsonio-supersonicflows.Themethodisbasedontheohoice
of suitablevaluesforthestreamlinecurvatureintheflowfield
andsubsequentintegrationoftheequationsofmotion.Themethod
yieldslimitingsolutions,forpotentialflow.The effect of circu-
lationisconsidered.

A comparisonof debivedvelocitydistributionswithexisting
results that are basedon calculationtothethirdorderinthe
thichessratioindicatessatisfactoryagreement.Theresultsare
alsopresentedintheformofa setof compressibilitycorrection
rulesthatliebetweenthePrandtl-Glauer’truleandthevonK&m&n-
Tsienrule(approximately).Thedifferentrulescorrespondto
differentvaluesofa localshapeIarsmeter=, inwhich Y 5.s
theordinateand Ca isthecurvatureat a pointonan airfoil.
Bodiesofrevolution,completelysupersonicflows,andthesignif-
icanceofthelimitingsolutionsforpotentialflowarealsobriefly
discussed.

INTRODUCTION

Theproblemofcaloulatlngcompressiblepotentialflowspast
aerodynamicshapeswillbe consideredinthispaperby thefollowing
method:An assumptionismadeasto thevariationoftheourvature
ofthestreamlinesintheflowfieldandtheequationsofmotionj
expressedintermsofthestreamlinecurvat~”ejarethereupn
integrated.

Thisbasicmethodof calculatingfluidflowsisnot new. lt
hasbeendescribedin reference1 foruseincalculatingpressure
distributionson closelyspacedairfoilsincascade.Morerecentlyu

*
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themethodwasappliedtothecoqyessibleflowpastan isolated
a~.rf’oilandto theincompressible@wPst a s-tried- airfoil
ina closedchannel.Theresultsofreference2 arecomparedwith
thoseofthepresentipaperi

Themethodisappliedto isolatedairfoilsandtheresults
arecomparedwiththoseofreferences3 and4. Thelimitingeolu-
tionforpotentlaJ.flowby thismethodisidentifiedwiththe
“limitingline”phenomenon(reference5)anddiscussedinrelation
totheflowthrougha converging-divergin&ch~el.AppliGatiGnof
themethod-tobodiesofrevolutionisindicated.

THEORYFORSYMMYI’RICALAIRFOILS

Theflowscalculatedinthispaperareof
isentropic,irrotationaltype. (Seefig,1.)
motionareconsideredinthefollowingform:

Equationof irrotationality(refermce6,

a~+cv=o
an

Equationof continuityofmassflow:

“r“ovc’ti=l’vh
Bernoulli’sequationandequationof state

1

I

thesteady,continuous,
Theequationsof

p.43):

(1).-

—

(2)

forisentropicflow:

.

where

v velocity-ata pointP offlowfield

(3)

?

.
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n

no

c

P

P

Y

M

distancemeasuredalongyotentiallinefromairfoil(streamline)
topointP on streamlineinflowfield

perpendicula~”distancebetweensametwostreamlinesinfree
stream

curvatureof streamlineatgointP, positivewhenstreamline
isconvexinpositiven direction.(C is thereciprocal
oftheradiusof curvature,)

density

pressure

ratioof specificheats

?&ohnuniber

Thesubscripto denotesfree-streemconditions. -———

Considerthesymmetricalflowpasta eyumetricalairfoilsection
(fig.1). Thepotentiallinesoftheflowpatternareassumed
straightandperpendiculartothefree-streamdirection,orx-direction,
therebyrelaxingtheconditionof orthogonalitybetweenstreemand
potentiallines.Thisassumptionisexactlysatisfiedat themid-
chordstationofthesectionifthesectionhasfore-and-aftsymmetq“-‘“
withrespecttothemid-chordstation.Theassumption,ineffect,
renderstheanalysisforonechordwisestationindependentofthat
foranother.

Theelementof lengthdn inequations(1)and (2)istherefore
replacedby theelementof lengthdy inthey-directionandequa-
tions(1)and(2)arewritten,respectively:

dy+$ (4)

(5)

Thedifferentialsin equations(4)and(5)areunderstoodtobe
takeninthey-directionat constantx. T@ low~rlimitsof inte-
grationin equation(2)areonthestreamlinethatcoincideswiththe
airfoilcontour.Thecorrespondinglowcwlimitsin equaticm(5)are
thereforeO and Y, respectively,whore Y istheairfoilord+hate,
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a functionof%he chordwl.selocationx. Theupperlimitsof inte-
grationinequation(5)areona streamlinethatbeco~sparallel
;O the

36ncc3,

x-axi;at infinity;thatis:
—

limy = y.
y+u .

thecontinuitycondition(5),whichforflni%ey, Y. may
bewritten

f
Y

I

F.yo

dy = “~~dy. I

Jo ~ly Po ~o I* ‘y~i

becomesinthelimit-as y+~

Y= /v
~ I;& )-ldy (6)
~Y ..

Withoutlossofgenerality,thefrc+e-etroamdensityPO and
v810cityV. arehercd.nafterconsideredasunity(orwhetisthe

pandv arewrittenh Plac~of p/po and v/~~J resec-
%%y) . 7Combinationofthoapproximateirrotationalcondition4)
andtheapproximatecontinuitycondition(6)yields

I““v(pV-l)Y= —lm dv (7)

inwhichtholowerlimitof integration,unity,isthefreo-streem
velocityat y = k, andtheupperlimitV, corresptidtngtotho
airfoilordinateY, is theunknowndesiredvolocltyat theairfoil.

A streard.inocurvaturofunctionisnowtobe chosen.IY-mue*-
satlsfythebounda~conditionsofknownairfoilcurvaturoCa at
thesurfaceof theairfoilandzerocurvatureat infinity.For
convenience,inthointegrationof-equation(7),thocurvatureC is
chosonasa functionnotofthecoordinatesx, y ofthoflowfield
directlybutof thevelocityV(X,y). Thofunctionchosonis

‘v-1~L)(J.cavT (8)

inwhichthoairfoilcurvatureCa> thounknownairfoilvelocity
v, andtheparmmter T’I(whichwillbe discussedI.ator)arofunc-
tionsonlyof chordwieeIoc.ationx, honcoareconstantasfiras
thointegrationin equation[7)is concornod.

.
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Thevelocityv intheflowfieldisobtainedby substitution
of equation(8)intoequation(4)andintegration(atconstantx),

‘Ikestreamline
and(9)varies
thevalue Ca

f-

-.l=--:-Y
Y a

(9)

curvaturefunctionC(y) determinedby equations(8)
monotonically,as y increasesat constantx, fron
attheairfoilwhere y = Y totheasymptoticvalue

zeroat y = CU.Themannerofthtsvariationdependson theknown
airfoilshapeparameterYea, theairfoilvelocityV, andthe
parameterq.

TheairfoilvelocityV isgivenintermsof theairfoilshape
parameterYCa, thefree-streamMachnumber~, andtheparam-”
eter q by equaticns(7),(3),and(8),whichr~eld:

-1

P y-l- -p& (+-1)
Y& = (p-~)~ ‘“1 dv (lo)

1 v(v-1)~

Theparameterq islimitedin itspossiblerangeofvaluesby
theconditions‘&atmustbe satisfiedinfinitelyfarfromtheair-
foil,that-is,as v+l. Theseconditionsare:

(a)ThecurvatureC-+0. .—

(b)Thedistancey+m.

(c)Thecahinuityintegral(equation(10))isfinite.Condi-
tion(a)requires,by equation(8),that Ocq<c. Condition(b)
requiresthattheintegralinequation(9)divergeas theupper
limitV+l, whichitdoesfor 1s7<=. Condition(c)requires
thattheintegralinequation(10)oonvergeat thelowerlimit,which
itdoeOfor -ac7<2. Allthreeconditionsthereforelimitthe
permissiblerangeof q to

15q<2 (11)

Equation(10)andcondition(11)representthebasicresultof
thepresentmethod.ThevelocityV at a pointon thesurfaceofa
symmetricalairfoilat a givensubsonicfree-streamMachnumber~ --
isobtainedby assumingthatthe;mowndataaretheshaye.par~-
eter YOa

—
andtheincompressible,or low-speed,velocityVi at

thatpointontheairfoil.‘ITLoparameterTIisfirstobtainodfrom
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equation(10)with ~ = O and V =-Vi..It@.11~yjj=rfromlater
applicationsthatthevalueof ~ thus~et_*ned fallsw“ithimthe -

._

“+-theairf-ol~cfr~~e @von by eqmession(11)ovorthereGiono.
greatest‘interest-.Withthisvqlueof TI,~quation(10)thengives
thovelooityV atthepointunderconsiderationforthedesired
Machnumber~. .—

Themainuncertaintyofthepresent-methodisrepresentedby
thechosencurvaturefunctiongiYm inequation(8). Theapproxi-
mationinvolvedinthouseofthisfunotionhasboonminimizedby
thomethodjustdosaibedoffixingtheparametersV and 7, BY
thismethodthestreamline-curvaturefunctimsatisfiesan a~roxl-
mateformoftheequationsofmtion (equation(10))andyi.eldgthe
knownexactvalueoftheairfoilvelocityintheincompressiblecase.
Furthermore,thecurvaturefunctionerectlysa+i~ieatiebGu*ry
condit-ionsofendvaluesCa ~d O andvariesbetweentheseend
valuesinthecorrectgeneralmanner(forstationsnearthemaxlmm
velocitystation),nanely,monotonl~u?.

s

As a furtherconditionon thechomn curvaturefunction,the
,

finaleolutiongivenby equat@n(10)should_reduceto thePrar.dt-l- .
Glauertruleforsmalldi8tUrba~C@of thef~Oestream,~us~ nef3-
lectingpowersof v-l and T-1 equalto orhigher@uanthe~eccdJ

equation(10)reducesto

v +J “ +%2 (V+l)(v-1)- ...1”-1
YCa ~(V-l)q & J: dv

1 v(v-1)~

= (v-l)?Jv(v-1)( 1-@ ~v .-

1 (V-1)9

or,integratingandsolvingfor V-1,

v-l= Jq/Yqa :: (12)
~1-MO” “

Eqtiation(12)showsthat,if TI isad~ustedtogive~Q Correct
valuecf V-1 for.~ = 0, or

.
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thecompressiblevalueforanysu%sonicl% isgivenby

7

(14)

whi~histhePrandtl-Glauertrule.

Theforegoi~considerationsIndicatethattheresultsshould
notbe criticalwithrespect
A somewhatdifferentformof
foregoingconditionsis

c =

Comparativeresultsbasedon

Thebasicrelation(10)

to chotceofformof curvaturefunction.
curvaturefunctionsatisfyingallthe

(15)

thisfunctionwillbe discussedlater.

connectingthevelocityV (expressed
as airfoilvelocityincl-ementV-1) aia pointon a symmetrical
airfoil,theatrfoilcurvatureparameterfi at thesamepoint,
andvariousfree-streamMachnumberl% is showngraphicallyin
figures2,3,and4 for y= 1.4. Thenumericaldatafromwhich
thesecurveswereplottedaregivenintablesI andII. Included
intablesI andIIarescmecorrespondingcompta.tionsbasedonthe ____ ._”
CUiWatUrofunction(15).Theintegralinequation(10)wasevaluated
bySimpson’sruleandcheckedby theclosed-formresultobtainable”
Inthecase q = 1. Thevelocityinorwaentabovefree-streamvelocity
T-1 wasplo-ttedagainstfi~, hereinaftercalledthec~~tur~
parameter,ratherthanagainstYCa becausefia ISproportional
to thethicknessraticoftheairfoil(see,for~ple, equation(19))
and V-1 isthereforeapproximatelylinearwithrespecttothis.
quantityforsmallvalues(equation(12)).

FiguresS(a)to3(h)correspondto-positivevelocityincregumts
abovefree-streamvelocity,thatis,evaluationof equatton(10)for
T?>l. Figures4(a)to4(h)correspondtonegativovelocityincrements
(V<l) suohasproducedon surfacesofnegativecurvatureendordinate
(hencothenegativesignattacbedto ~a). Inthiseasethocurva-
turefunction,insteadoftheonegivenby equation(8),isproperly
takenas

~~hichallowsequation(iO)tobe evaluatedtithout~bi~ity as
regardsthetermstothepower q. Thecurvesofnegativevelocity

.—
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incrosnent(figs.4(c)tu4(h))mayb,]r~gardedas cor.tinua%tonsof
thocorre~pondirgcu~rosofpositivevelocityinoremont(figs.3(a)
to3(h)).

It isof irdmrcsttonotothata p&rametcrequivalenttothe
p.rameterfi~~ wasderivedby t% authorsofreferanc~”8frmma

——-d-

imensionalconsiderationof equation(4)andusedto correlate
criticalMachnumberdataforvarioussymmetricalairfoilsections.

ATPLICATIONANDRESTJL!T8

I@jLe.nSection — —

Kaplan(reference3)hascalculatedthecompressible-flowzero-
liftvelocitydistributionfora particularfazdlyof symmetrical

.—

airfoils.Themethodusedwasan extensianoftheAckeretmethod
whereinthepotentialfunctionisexpressedaga powerseriesinthe D
thicknessratioof thesection.Thecorrespondingseri~forthe
velocitydistributionwasevaluatedtu theterminthethird~er
ofthethicknessratio.A Mmitingvalueoffree-streamMachnumber .
wasfound,fora giventhicknessratio,abovewhichthetermsofthe
puwerseriesthatwerocalculated(tihefirstthree)indicateda
probablefailure“oftheseriesto converge.Thisfree-streamMach
numberwaspresume’dto constitutean ugperlipdtfmrt~ existence
ofa continuouspotentialflow.

.-

Themethodofthepresentanalysiswastestedby determini%the
velocitydistributionsfortheKaplansecttonfromfi~os 2,3,
and4 (drawntoa scalecormconsmtewiththeprecisionofthodata
of.tablesI and11). As anexampleoftheproceduraus=d,the
velocityincrement.V-lfor-themid-chordloc”ationX*O ofthe
K@lan sectionofthicknessratio0.10wasobtainedasfollows.Tho
sectionordinatesandcorrespondingcurvatureparametertiC~ are
givenin-figure5. TheinmmyrewsiblevelocitydistributionVi-1,
obtainedbjjconformalmapping,is showninfigura6 (~= 0). At
x= O thew-e,luosWa . 0.1925and VI-1= 0.1667fi’otiiguros5
and6,respuctflvely,oorrospondinfigure3(ajtoan~@polatoQ
valueof q = 1.297.For”theseV&d.UGSof ~ ‘and~YCa, tho
valocityincrementsV-1 forvaluesof

7
of0.5,0.7,0.9,0.85,

and0.9wereinterpolatedfromfigures3(c, 3(e),3(f),3(g),
and3(h),rospectivoly.Velocityirmromentswereobtainedinthis
mannerinthecho~dwiserangoOCX’=0.616.In thocho@wisorange
0.6L6cx<1.0, thovaluesof ~ areindicatedinffguro5 aa
ima@nary,resultingfroma positivoordinateanda negativecurvature.
Thetheorypresented,basedonthocurvaturofuncticnof equation(!3),
cannothemdlesuchvaluesofthocurvaturoparameter.Approximate
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comp~essiblevelocityi~.cremer.tswerecbtainedinthischordwise
rangebyftrstnotingthattheparameterq increase3tummd the
value2,0withincreassin chordwisedistancefromthecenter-
(fig.5). Nuwthelimitingvalue ~ = 2-.0correspondsto the
Prandtl-Glauertrule,aswillbe shownunderCCMPRE881BILITYCORREC-
TIONRllIZS.Jntherange 0.616<X<l.O; therefore,thecompress-
iblevelocityincrementswerecalculatedfromtheincompressible
valuesby eqva.tian(14).

Thevelocitydistributionsthusobtainedfo~the~plan secti~
ofthicknessratio0.10aroshowninfigure6. Thedistributionsfor
~=0.85and~= 0.9 donotextendallthewaytothead-chord
locationhutcometoen end(withinfinitesloEe)at thechordwise
locaticnsx = 0.145 end0.390$respectively.Theimmediatereason
forthisbehavioris evidentf~o?nfigure2. Forexemple~atih6
limitingloc&tionx = 0.145for Mi = 0.85,thevalueof ?lwas”
1.312(fig.5). Onthesetofbasi’ccurvesfor TIs 1.312ma
similarinaypearan~tofQure 2,a verticallinedrawnat
w= = 0.181-correspolidY.ngto x= 0.145wouldte tangenttothe
l% . 0.85 curve,atwhichpointthevelocttyincrementV-1 would
be 0.550.No solutionexistsat thisvalueof = for lfmhigh6r
than0.85;or,forfixed ~ = 0.85,no Aolutionewlstsforhigher
valuesof fia suchas correspondto chordwoselocationscloser1%
mid-chordthan x = 0.145.Thepointsof infiniteslope-ont’he”ba;~c’--
curvesorfigure2 correspondtoa limitirqsolutionforpotential
flowby thepresent~tlnod.Thisphenomenon,hereinaftercalledthe
“potentiallimitphenmnenc)n,”isdiscussedLnappendix& .-

.—

—.-

ThepotentiallimitpointsfortheKaplan10-percentsectionat
~ = 0.85 and0.9wereactuallyobtainedfroma.ccuratelydetermined
plotsoftheinfiniteslopelocim-figure3. Thqseplotsaregiven
infigure7. Thevacuum-llneboundarycurveinfigure5 co~esponiis
to p/p.= o inequation(3). Theintersectionof thecurveof q
againstd=a fortheK&plan10-percentsection(fig.5),with,for
exanple,the ~ = 0.%5contourinfigurg7(e)detcn?minedthepotent-
ial limitvaluesot q and~; he”nceby figure5 determined
thechord~.~elocationatwhicha potentl@.limitgointexistedfor
~ .0.85. me ~otp~tiallimit~~ue of q thendetetinedthe
potentiallimitV-1 by Sigure7(b).Thefree-stroamklflchnumber
atwhichthemid-chordlocationx = O isa potentiallimit@nt,
thatis,thelowest~ atwhicha potentiallimitoccurs,is
indicatedby ,pointAinfigUrO7(a).By interpolationthislimit
valueof ~ isestimatadas 0.8-43andthecorrespondingV-1
(fig.i’(b))as 0.573.-~o_rcomparison,t.holowercriticalMach
number(thelowestfrea.st~e-m~~ch”numberatwh~.chsonicvelocity
occursontheairfoil)wasdeterminedas0.748.

—
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thelowestpotentiallimitMach
fromthebthervelooitydisiribu-
velocitygradientatmid-chord

appearstobefinite
behaviorcanbe seen

=d differentfromze~. Thereasonforthis
fromtheexpressionforthevelocitygradient

inwhichthefirstpartialderivativeistakenat constantrland
thesecondat constantma. (Theaccelerationofth&fluidalong
theeurface dvG oftheairfoilis V ~. Hence,thefollowingdis-.—
cussionappliesalsotothefluidacceleration.)At a pot&ntial
limitpointboth ~V/~~ and ?YV/a~are”~nfinite(fjg.2). If
d~,dx “anddq/~ a~’enot-zeroat’thecho~wisestationcorre--
spondingtoa potentiallimitpoint,thevelocitygradlentndV/dx is
infinitethere,as isthecasewiththe-velocitydiatributjonsfor
M. = 0.85‘and0.9infi- 6. If ~=~dx and dq/dxarezero,
whichisthecaseat themid-chordstationoftheKap@n lo-percent
section,theoccurrenceofa ~tentiallimitatthispointleadsto
an indeterminateexpressionforthevelocitygradientinequation(16).
Closeranalyticalandgraphicalexaminationindicatesthefinite
gradientshowninfigure6 (hence,a finitelydisoontimuouschangein
fluidacceleration-acrossthemid-chordstation).

Thelowestpotentiallimitvaluesof ~, thecorresponding
valuesatmid-chordof V-1, andthelocalMachnumberM for”
symmetricalsectionsofthreethicknessratios(t= 0.05,0.10,and
0.20)werecomputed.Thevalueof M wasobtainedb~ombining
Bernoulli’sequationintheformofequation(3)andintheform

y -1

()
~~y-l

27= ~ M02
PO

-. (17)
~+Y-12TM

resultingin

M=
~v

— (16)
- Z# M02 (@-l)

Thevaluesarolistedinthefollowingtableandcomparedwithvalues
obtainedbyKaplaninreference5:

●
�

.

.

.
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ICurvaturemethodI Kaplanmethod

–-i- —t—--i--+ -—+——

{

0.0 0.8980.3241.26S0.8900.24S1.164
.1 .843 .5731.491 .833 .4561.320
.2 .763,1.2002,257 .743 .8641.625

Thelimitingvaluesof ~ by thetwomethodsagreefairlyclosely;
thevaluesof V-1, hencealso M, lessso. Thelesssatisfactory
agreementof V-1 isto beexpectedfromtherapiditywithwhich
V-1 varieswith ~ intheneighborhoodofthe~tentlallimit
solution(fig.6).

Thecomparisonofthevelocitydistributionsforthe10-percent
thicknesssectionbythetwomethodsisgiveninfigure8. The
velocitydistributionsfor ~ = 0.75 (fi$.8(b))andO.83(fig.8(C))
wereobtainedby interpolationfromcrossplotsofthevelocitydis-
tributionsoffigure6,guidedby thepotentiallimityointsprovi-
OUSIYdetermined.fitheregionof’greatestintereston thecontour,
nemelythesupersonicregiongivenapmoximatelyat ~ = 0.83 by
O<X<O.4, thevelocityby theKhplanmethodincreaseswith ~ at
a greaterratethanthevelocityby thecurvaturomethod.A conven-
ientcriterionoftheaccuracyofvelocitydistributionsinlocal
supersonicregionshasbeenpointedoutbyTsienandFejer,namely,
ifa velocitydistributionindicatesa localsupersonicregion,a
velocitydistributioncanbe derivedinthisregionthatmustbe
greaterthantheoriginalvelocitydistribution;thedifference
betweenthetwodistributionsdecreasingastheextentofthelocal
supersonicregionincreases.Thisgreatervelocitydistribution
forthesupe~’sonicregionisthewell-knowPrandtl-Meyersolution
fortheflowovera curvedsurface(reference8(a)).ThePrandtl-
Meyervelocitydistributionextends,inthecaseconsideredhere,
fromthechordwiselocationfora localMachnumberM = 1 to the
mid-chordlocation.ThePrandtl-Meyersolutionisobtainedfrom
thechan&einslopeoftheairfoilsurfaceAO fromthe M = 1
locationtothepointunderconsideration.Thischangeinslope
exyessedindegreesisequivalentto thepressurenumberP, which
isa functionof thelocal(supr~nic) MachnumberM. Froma plot
of slopeO _ofairfoilsurfaceagainstx, includedinfigureS,
anda tableof P againstMachangle,itisthereforea simple
mattertoobtainthePrandtl.MeyerlocalMachnumberdistributionin
thesupersonicregion.ThelocalMachnumberM andthefree-stream
Machnumber~ thendeterminethelocalvelocityV by equa-
tion(18).Ifthepressurenumber1? isdefinedintermsoftho

——

—.
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flowdeflection
maybe ccmputed
prescurenumber
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angleAe as P . 1000- Ae, thepressurenLU@3r
by themethodsofreference8(a).Thevariationof
andflowdeflectionanglewithMachar~leisshown

inthefollowi~table:
—

PR?lSSIJIWNUMBERANDMACHANGLEINPRAND2L-MEK3R

so~IQN’FoR~~ON_fC =

[7= 1.4]

Pressure
number,P

1000
999
998
997
996
995
994
993
992
991
990
989
988
987

Flowdeflec-IMachangle
tionangle,
L@ = 10LX3- P

(deg)

o
1
2
3
4
5
6
7
8

“9
10
11
u
13

—

.

.

90000’
670431
62000”
58010S
440121
52043’
50036!
48043:
470031
450321
440Ogf
42051’
41039,5f
4(3032.5t –

ThePrandtl-Meyersolutioneobtainedinthismannerforthe
velocitydistributionsbytheKaplanmethodandbythecurvature
methodareshowninfigure8(c),Thevelocitydistributionobtained
by thecurvaturemethodisevidentlycloHertithetruedistribution
thanthatoftheMplanmethodinthelocalsupersonic.tigionfor
~ = 0.,83,becausethecurvaturevelocitydistributionislessand
theKaplanvelocitydistributionisgreater-t&nthecorresponding
Prandtl-Meyerdistribution.ApplicationofthePrandtl-Meyersolution
tothepotentiallimitvelocitydistributionbythecurvaturemethod
for ~ = 0:843 [fig.8(d))indicatesa rapiddecreaseinvalidity
oftheresultsby thecurvaturemethodforfree-streamMachnumbers
C1OSEIto.thelowestpotentiallimitMachnumber. —.
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Fromtheseandsjmilarcalculationsforthicknessratioof
5 and20 percent,it ie concludedthatthecurvaturemethodgives
resultsofat leastthasameorderofaccuracyas theKkplanmethod
overapprox~natelythemiddlehalfoftheIQ@an section.Overthe
restofthesecticntheK@an methodmaywellbemoreaccurate.

BiconvexSection

Themethodof curvaturamaybe expectedto increaseinvalidity
withdecrease in thevariation of the curvature parameter ~
alongtheairfoil.Thesymmetricalbiconvexsection(oneformedof
twocirculararcs)wasconsideredas anexamplewhichismorefavor-
ableinthisrespectthantheKh@an section.Thebicanvexsection
of 0.20thicknessratiowasanalyzadforitsincompressiblevelocity
distributionby conformalmapping.Thecurvatureparametarpa
wascalcu19.te&fromtherelation

(13)

inwhich Ymu isthesectionordinateatthemid-chordlooation
and t isthathicknassratio.ThesectionordinatesY, the
slope8, thecurvaturaparametar~, andtheparameterq,
deteminedasfortheKaplan0.10thicknessratiosection,are
giveninfigure9. Thevelocitydistributionsfor ~ = 0,0.5,
0.7,and0.8aregiveninfigure10. Theourvaturemethodcannot
handlevelocitieslessthanthefree-streamvalue(Unity)jwh~ch
correspondto @sitivevaluesof thecurvatureparameter;these
velocitieswareobtainedbythePrandtl-Glauertrula.

Thelowestfree-streamMachnumberM forwhicha potential
limitoccursatmid-chordis0.790.‘Thecorrespondingvaluesof
localvelocityincrementandlocalMachnumberare1.819and1.704,
respectively.ThePrandtl-Meyersolution(fig.10)indicatas
inadequacyoftheourvaturemethodinthiscaseata free-stream
Machnumbersomewhatlessthan0.8. Thalocalvelocityincrements
ofthebiconvaxsectionof thicknessratio0.20arehigherthan
thoseofthe@ilan sectionofthicknassratio0.10._Thgrq%loof
theincrementsofthebiconvexsectiontothoseoftheKa@.ansection
ofthichss ratio0.10are,inganeral,lessthantheratiooftha
thicknassaso.fthetwosections.

CONDITIONSINFIIILOOFAIRFOIL

Thevariationof streamlinecurvatureandoflocalvelocity
withdistancefromtheairfoilisgivenby equations(8)and(9).
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Forthepurposeof i:.lustration,Itwillbe suff~cientfirst-to
makethes~,mplercalculationsoorrespondlngtothecurvaturefunc-
t~on(15)”inplaceof (d). Equations(4)and(15)yield

(lOge v)? d(logev)
dy=-

c~ (lo&ev)~

which,afterintegrationandadjustmentoftheconstantof integra-
t~onto satisfytheboundaryconditions,becomes

Y =1+71

Thecurvaturevariation

““K-”Y-11

logev“
Yca (q-l)

(20)

iB
v = 1 theseequationsare
tions(4)and(15)(orthe
yield

X.1+
Y

.

.

L A

givenbyeq~ations(15)ar@(20).For
indeterminate._Intldscase,equa-
well-kiown limitingformofequation(20)) d —— .- —

Thecurvatureandvelocityvariations~ivenbyequations(15),
(20),and(21)areshownj,nfigum 11and12,resTectfvely,for
variousvaluesof q and ~. Thevalueof YCa of 0.03704chosen
forthecalculationwasthatcorrespmd~ngtothemid~chofilocation
ofthe10-percentthickK&plansection.Thecorrespoildiwvaluesof
V forthevarious~ werethosepreviouslycomputedfortheKhplan
10-percentthicksection,Althoughthesevaluesof T correspond
toonlya singlevalueof q basedon”thecurvature“function(8),
theuse ofthesesamevaluesforvariousrlandwiththecurvature
function(15)givethetrendof curvatureandvelocityvariations
sufficientlywellfor_thopurposeof illustration.Thacurvature
andvelocityvariationsof figures11and12 showthe,expected
trendwithfree-streamMachnumber~, namely,a slowerdecrease
to free-atroamconditicmsas ~ is increased,Thelimitationof
a singlecurvaturefunctioneuchasequation(8)or (15)isapparent
fromfigure13,forityieldsbasicallythesamekindof curvature
variationinthesupersonicregionas inthesubsonic.region.A
morerigorousanalysisshouldtakeintoexplicitaccountthedifferent
typoof curvaturevariationfoundinsupersonicflows!

Theextentofthelocalsupersonicregionsinthefieldof the
10-percentthickKaplansectionwasnext”calculatedb~themore
appropriateequation(S),using thedataderivedinconnectionwith

,

“

.
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thevelocitydistributions.Theresultsareshowninfigure.14,in
whichthelocalMachnumberM = 1 boundaryieplottedfor ~ = 0i75,
0.8,0.83,and0.843intermsofairfoilsemichordasunitdistance.

Therapidincreasein.lateralextentofthesupersonicregion
withincr6aseof free-streamMachnumber,particularlynearthe
potentiallimit,isapparentinfigure”14, At-thepotentiallimit
%= 0.843,thelocalsupersonicregionextendslaterallyintothe
flowfielda distanceof abo~t1 chord.

Thefinitenonzmcslopeat x = O ofthesonicboundaryatthe
potentialltiit.shouldalsobe noted.ThisfinitOslopeisassociated
withthefinitevelocitygradientat thesurfaceoftheKaplansection
previouslydiscussed.Itappearsfromequation(9)thattheslopeof
a constantvelocity(hence,forgiven&j constantM) boundary
willbe associatedwiththesurfacevelocitygradientat thesame
valueof x inbeingf~niteor infinite.Hence,ifthelowestpoten-
tiallimitsolutionoccursat a pointona symmetricalairfoilat
which d~~dx, d~/dx arenotzero,thentheconsequentinfinite
velocitygradientatthatpointonthesurfacewillcausea cuspin
the M = 1 boundaryfnthefield.Thiscusp(thepossibilityofwhich
wassuggestedby L.Rfch&dTwner oftheNACAClevelandstaff)amounts
toan envelopeoftheMachlinesinthe(supersonic)neighborhood.
Thisbehavioris inagreementwitha knownpropertyofpotentiallimit
solutions,namgly,thata potentiallimitpointina flowfieldlies
onanenvelopeofMachlines(reference5).

\

CIRCULATORYFLOWPASTCIN7JLARARCMEANCAMB.~LINE

ThecurvaturemethodwasnextappliedtothecalculationOZ the
typeofvelocitydistributionthatproduces“design”lift,thatis,
liftwithouta velocitypeaknearthenoseoftheairfoil.The
circulararccamberlineat zeroangleofattackwaschosenforthis
calculationinorderthata comparisonanalogoustothatforthe
Kaplansectioncouldbemade(reference4). Thecamberratioassumed
was4 percent,correspondingto an incompressibledesignliftcoef-
ficientof 0.520.

A difficultyofprinciplearisesinobtainingthecurvature
parameter~ forthecirculararosection.TheordinateY as
developedInthecurvaturemethodisactuallythecomponentinthe
y-directionof thedistancebetweena pointon theairfoilcontour
anda pointontheairfoilstreamlineinfinitelyfarfromtheairfoil
(theairfoilstreamlineisthestreamlinethatincludestheairfoil
contour).DIthecaseofthesymmetricalairfoil,thisprojected
distanceistheairfoilordinateasmeasuredfromthechordline.
Whenllftisproduced,however,a pointon theairfoilstreamline
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infinitelyfarfromtheairfoilinthex-directionisalsoinfinitely
farfromtheairfoilinthey-direction.Nevertheless,inasmuchas
theslopedy/dx oftheairfoilstreamlineforthecirculararc
rapidlyapproacheszerowithincreasingdistancefromthecircular
are,itmightbeexpectedthatthevelocitydistributiononthe
circulararcwouldnotbe criticalwithrespecttothefinitely
distantpointontheairfoilstreamlinefromwhiohth~ordinateY
iemeasured.

‘Thissituationwasstudiedby obtainingIntheusualmnner the
com~ressiblevelocityincrementat themid-ohordlocation,forourva-
tureparameters~ correspadingtovariOusvalues-ofY as
determinedbypointsontheincompressible“(~ = O) airfoilstream-
lineatvariousdistancesfromthecirculararc. Thciresulting
velocityincrements(V-l)ma areplottedforvariousfree-stream
MachnumbersM. infigure15againsta quantj.tyf characteriziu
thedistanoealongtheairfoilstreamline.Thequantityf isthe
ratioinIncompressibleflowofthevelocitydecrementata pcint---
ontheairfoilstreamlinetothemaxi?mzmvelocityincr~ment-onthe
circulararc. As thevariablepointon theairfoilstreamline
approaoheethecirculararc,thevalueaf n decreasesfrom1.28at
f = 0.0032“tothelower’limitingvalue1 at f . 0.0102correspond-
ingto a distanceof0;67chordfromtheextremityofthecircular
arc. At”pointson thestreamlineclosedtothecirculararcthere
Isnovalueof q thatyieldsthekn~ incompressib

P
maximum

velocityinorementforthecorrespmilingvalueof YCa. Compressible
maximumvelocityincrementsforthesepointswerethereu~onarbitrarily
obtainedfromfigure2 using ~ . 1.

Includedinfigure15arethemaximum-velooityincrements
calculatedfromtheformulasandconstantsgiveninreferenoe4.
Themaximum-velocityincrementbythecurvaturemethodisseento
be alwayslessthanKaplan’svalueandnottovary~r:atlywith f.

Guidedby theresultsfortheK&plan10-percentthicksymmetrical
section,whichhadaboutthesameincompressiblemaximum velocity
incrementasthe4-percentcambercirculararcmeanline,andalso
by thecomparisonwithKaplan’sresultsinfigure15,thecurvature
parameter= forobtainingcpmpletevelocitydistributionswas
determinedwithrespectto”areference~int onthea&foilstreamline
atwhichtheincompressiblevelocitydecrementwas“1percentofthe
maximumvelocityincrement(f.0.01,0.68chordfromleadfngedge).
Thebasicdataaregiveninfigure16andtheresultingvelocity
distributionsare’oomparedwiththecorrespo_ndi.ngresultsby the
K5@_anmethodinfigure17. Thevelocityd~stributio~at ~ = 0.8
bybothmethodsareless”thantheprandtl-Meyersolutionby about

.

.

—

.

-.
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thesameamountandno definiteconclusionastothecomparative
accuracyofthetwomethodsis indicated.Theuncertaintyintroduced
intotheresultsby the’anibiguityofdetemwinationofthecur%’ture
parameterma couldpresumablyhe furtherresolvedby additional
comparisonswithresultsby othermethodsorby calculationofhigher
approximationsbyuseof thestreamlinecurvature.

COMPRESSIBILITY-CORRIXXTONRULES

A compressibility-correctionrulemaybe definedasa ruleby
whichthevelocityorpressur~at a pointofa compressibleflowfield
isexpressedasa functiononlyofthelow-speed,or incompressible,
velocityorpressureatthatpint andthefree-streamMachnumber.
Thus,thecurvesoffigure2 whencross-ylottedagainst~ constitute
a setof compressibility-correctionrulesforthevelocityV. -
general,eachvalueof q yieldsa compressibility-correctionrule.
Therulesfor q = 1.0 and q = 1.8 areshowninfigura18 interms
ofthepreseurecoefficientCP’ definedas

(22)

inwhich p/p. isgivenintermsofthevelocityV by equation_(3).
Alsoshowninfigure18arethopotentiallimitcurves,obtained.from
f@e 7(d),thesonicline (M= 1 inequation(17)),andtheabso-
lutelimitorvacuumline (P/P.= O inequation(22)).Thediffer-
encebetweentherulesfordifferentvaluesof illustratethe
allowancefordifferencesinairfoilshape (fi~, whichcorrespond
to thesamelow-speedpressurecoefficient,

Eachcompressibility-correctionrulehasitsownpotentiallimit
curve.Thelimitcurvefor q = 1.8 intersectsthevacuumlineand
wouldextendto localv~locitieshigherthanthatcorrespondingto
zeropressure,whichof courseisimpossible.Ebnce,wherea potential
limitcurveintersectsthevacuumline,thevacuumline.beconesthe
limitcurve.

In figure19 comparisonofthecompressibilitycorrectionrules
by thecurvaturemethodismadewiththerulesof

(a)

(b)

(0)

Prand.tl-Glauert,equation(14)

Kaplan(reference3)resultsformid-chordlocation

(’0%‘TThe rule for rl = 1.0 based on function (15), C = Ca —
lo& v
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(d)

(e)

(f)

X’ortions

Greene(reference2)

Garrick-Kaplan,“arithmetic-mean”ruleofreference10

vonR&m&in-Tsien,equation(62)ofreference9

ofthepotentiallimitcurvecorrespondingto eachrule
areindicated..

Thecompressibility-correctioncurvGcorrespondingtothe
curvaturefunction(15)risessomowhafmbreskeeplythantht”corra-
spondingto equation(8)forthesamevalueof q. It shouldbe
notedthatthetwocompressibilitycorrtictionrultisfor q = 1 do
notindicatethedifferenceincalculatedpressureCoe.fficient-”at.a
givenpointonanairfoil(given=) asa result- choiceof
curvaturefunction,Inf

?
e 19thecurveform.mvaturefunc-

tion(15)correspondsto ma = .0;305andthatfor61urvaturefunc-
tion.(8)to ~ = 0.317.Fora givenvalueof~ endlow-speed
pressurecoefficient,theresultsbybothcurvature+?unctionsdlffur
negligibly.

ThePrandtl-Glauertrulehasbeendrawninfigure19tothe
vacuumline (M= ~) becausethisrulocanberugard~dasthelimit
oftherulesderivablebythepresentmqthodas q a~mach6s the
value2.0. Thisfactbecomesevident–fromequation(10),inwhich,
asq a~roackes2.0,thevelocityV mustapproach--unityinorder
fortheintegralto converge,Theapproximationleadlngtothe
Prandtl-Glauertrule(equation(14))canthereforekemade. As q
approaches2.0thevacuumlinebeco?nesa gr~tor.andgreaterportion
ofthecompletepotentiallimitcurve(fig.-18)untilinthelimit
thevacuumlinebecomestheentireptcgtia.1limiteve,
figs.7(b) and-7(d).)

(Sef3

The
limit-
f3quation

Greenerule,ontheother
ruleobtainedbyallowing
(10)beconms

= (Vi- 1) - 10g*Vi

hand,canbe regarded
~ toapproachze.~.

J
dv v

asthe
For ~ = O,

(23)

Thislastequality,namelyV asa functionof Vi and ~, is
Groene+srule.As hasbeenshown,thesignlticanceof q . 0 is
thatthecurvature.C becomesqe~ at a finite
airfoilandremainszeroforgreaterdistances,
circumstancenightimplya severelimitationon

distance‘fromthe
Altho~hthis
thevalidityof

—

.

.
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Greene’srule,thisparticularderivationisactuallymorerestrict-
ive thannecessaryforitleadsnotonlyto Greene’srulebutto
t?ieadditionalequationinvolvingYCa. A moregeneraldiscussion
ofGreenefsruleisgiveninappendixB.

Ingeneral,thecompressibility-correctioncurvesderivedin
thispaperliebetweenthel?randtl-Glauertcurvesontheonehand
and(approximately)thevonK&m&n-Tsiencurvesontheother. It
maybe emphasizedherethatthepresentationof thepresentresults
inthefom ofa set’of compressibilitycorrectionrulesdoesnot

.-—

implyan equivalenceoftheseresultstoa simplespeeddistortion
oftheflowfieldingoingfromincompressibleto compressibleflows.
Evidentlyanydertvedsetof compressible-flowyatternsforvarious
free-stream~Echnumberscanbe comparedwiththecorresponding
incompressible-flowpatternbymeansofa setof compressibility
correctionrules.A simplespeeddistortionimpliestheexistence
ofonlya singlecompressibilitycorrectionrulefromwhich
compressible-flowboundaryvelocitiesareobtainedfromgiven
incompressible-flowboundaryvelocitiesregardlessoftheshapeof
loundarythatproducestheincompressible-flowvelocities.The
presentresults,however,yielddifferentcompressible-flowveloci-
tiesforthesameincompressiblevelocitiesdependingontheshape ._
of airfoil(@a) t~t producestheIncompressiblevelocities

SWTERSONICI?LOW -.

In completelysupersonicisentropicpotentialflowthesame
equationsofmotionholdas inthesubsoniccaseymelY2 inthe
formassumedinthispaper,equations(1),(2),and(3). me appli-
cationoftheseequations,however,to thecalculationoft~ super-
sonicvelocitydistributiononairfoilsis incertainrespectsdif-
ferentfromthesubsoniccalculation.Thedifferencesaswellas
similaritieswillbe illustratedby derivationofthelinearized
(smallperturbation)equationforthevelocitydistributionon an
arbitrarythinatrfoilinsupersonicpotentialflow.

Forsmallperturbationofthefreestreamtheapproximationfor
thedensityratiothatledtoequation(12)Is

pv - 1 = (1-M02)(v-1)

Equation(7)thereforebecomes

(24)

(25)
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ThecurvatureC isbydefinitiond13/dswhere s isthedistance
alonga streamlineand l!!isthe(positivecloclGi3se)anglebetween
thestreamline&r@a f~xed(saythefree-dmeam)direction.Equa-
tion(25)maythereforebewritten -.

J’saY= -(M#-1) (v-l) ~ds
o

(26)

inwhichthepathof integrationisdeterminedasfollows:‘The
assumptionismadethatata pointinthef@w fieldQ,,yfield
quantity,suchas v, dv/dJ3, or ds, isconstantal- a straight
lineconnectingthepointwitha pointiontheairfoil@d makingan
an@e p,withthefree-streamdirection.(See~ketch.)

dy

-~ -----””-——

‘J’,i’’kl—---~.~’< ...-- =---T--””-
Completelysupersonicpotentialflow ‘:

By thisassumptiona correspondenceissetupbetween-pointsinthe
fieldandpointsonthealr~oilforwhichtheintegrandinequa-
ttion(26)hasthesamevalue.Eencetheoriginalyathof integra-
tionfrominfinitytoa pointontheairfoilina directionnormal
to theairfoilcanbe reylacedby a pathalongtheairfoilitself,
fromtheleading-edgeto thos- point,ata distance-~a fromthe
leadingedge(thecont~ibutionto theintegralfrompointsupstream
of theleadingedgeiszerobecausefortiuchpointsth%straight
lineatangle p onwhichthefiuldquantitiesareconstantdoes
notintersecttheairfoilandextendsInfinitelyfaraheadofthe
airfoil,wherefree-streamconditionsexist).

.

.
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Differentiatingbothsidesof equation(26)withrespectto the
distanceSa alongtheairfoilcontmryields

aY—=
d~a

-(M&l)(v-1) * [27)

.-.

(28)

Inasmuchasallvariableshavebeenassumedtodiff;rlfromtheir
free-streamvaluesby smallamounts,thequotient~

P
canbe set

equalto thederivativedv/d$.Equation(28)thereforebecomes

(29)

Finallythesignificanceoftheangle u isobtainedfromeaua-
tions~(4)and~29),andthesketch–
fsow,

tarl~=dJ=-
ds

.

of completely

dv dv—= -—
Cvds d13

=. %3=
or

sinp=~
%

supersonic~otential

I

““ (30)

(31)

Hence w istheMachangleandequation(29)canbewritten

(32)

which(recallingthatthefree-streamvelooityisunity)isthe
basicsolutionforlinearizedtwo-dimensionalsu~rsonicflow
(referenoe8(b)).Allthepropertiesof linearizedtwo-dimensional
supersonicflowcanbe deducedfromtheprecedingderivation(these
propertieswere,of course,a guideinsettingup thederivation).
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Thefactthatthelinearizedtheoryfor-completelysupersonic
flowsrol.atesstreamlinecurvaturesat??oints.connectedbyl~ch
lines(~haracteristfcs)wouldiadfcatethatinobtafni.nghigher
approximationstotheflowpattuzninlarge‘localor completely
supersonicregionsthecurvature functionsliouldYrOPgglYbe sPec-
ifiedalongMachlinesratherthanalongilomalsto thefree-@ream
direction.Thiscircumstanceindicatesa possiblerefinmentofthe
presenttreatmentformixedsubsonic-supersonicfllows.Coneidera
mixedsubsonic-supersonicflowpatterncalculatedby thecurvature
method.Thecurvature~nthelocalsupersonicregioncanbeaflsumod
constant(a~dequalto thecorrespondingairfoilcurvature)along
thecharacteristicsemanatingfromtheairfoilattheappropriate
localMachangle.Thecurvaturefunctionthwdetermir@discontJ.n-
uouslyjoinedtothecurvaturefunctionpreviouslycalculatedat
thoboundaryofthesupersonicregim..As a guideinthisprocese
thecurvatureofthestr~amlinesdeterminedbytheoriginalcalculation
couldbe used(thisinformationwouldalsobo of’useindetermining
higherapproximationsthroughoutthoentireflowfield).Theog.ua-
tionsofmotion(1),(2),and(3)arethereuyonintegrated,~aph-
icallyorotherwise.Ifthelocalsupersonicregionissmall,this
proceduremaynotyieldmoroaccuraterssultstkantheoriginal
calculation.Itmay,however, yielda closersvaluattonofthe
accuracyoftheoriginalcalculationtilanthePrandtl-Meyersolution
appliedtothelocalsupersonicregion,

Theprecedingremarksalsomakeevidentthepossibleoccurrence
of a curvaturemaximumawayfromtheairfoil(ina directionnormal
tothefreestream).Sucha maximumwillprobablyoccurina large
localauyersonicregionwhenthepointunderconsiderationonthe
airfoilisprecededalongtheairfoilby pointsofgreaterairfoil
curvature.

Themethodgiven
s~ilar~ tothecase
revolution.‘Thus,if
asa meridiansection
dition(equation(6))
unity),

.-

BODIESOFREVOLUTION

farthetwo-dimnsipnalflowcanboapplied
ofaxiallyBymmotricflowovera bodyof
thesymmetricalsection(I?i~, 1) is considered
ofa bodyofrevolutionthecontinui@con-
bocomes(free-stz’eemvelocityanddensityare

/

w

~= (Pv-1)YdY
2 ,V

(33)

.

.

.

.

-.

—..—
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Theirrotationalitycondition(bquation(l))and
equation(3)remainunchanged.If thecurvature
assumed,“substitutionof equations(3),(4),and
tion(33)yieldsanequationanalogousto (10).

23

theBernoulli-state
function(8)is
(9)intoequa-
Fromthisequation

a setofbasiccurvesanalogousto thoseoffigure2 couldbe derived
by computation.(ThecomputationsMuM be lessenedbyuseof the
curvaturefunction(15)insteadof (8)becauseequation(20)is
easierto evaluatethanequation(9).)

Itwillhe sufficienthereto indicatetheresultsinthecase
of smalldisturbanceofthefreestream,or v+l. Inthiscase
equations(9)or (20)yield

(34)

Substitutionof equations(24),[34),(4),and(8) into(33)gives

[
(V-1)2 1 + v-l

1

= (2-?’))YCa (35)
YCa (3-2q) (M.&) Y

Itmaybe shownasbeforethattheparameter~ isnowrestricted
totherange

l= q< 1.5

Theparameterq canagainbe takenaa thevaluethatin
tion(35)yieldstheexact(known)velocityincrementfor

Equation(35)differsinformfromthecorresponding
fortwo-dimensionalflowgiveninequation(12)by virtue

(36)

equa-
%=0”

e~ression
ofthe

secondtermin thebrackets.Theeffectofthistermisto reduce
thevelocityincrementfora given~, thatis,toreducethe
effectof speedonthelocalvelocitiesandyressures.Forexample,
theincreasewithfree-streamMachnumber~ ofthemaximumvelocity
incrementon slenderellipsoidsof revolutionisby equation(35)
about70percentoftheincreasegivenby thePrandtl-Glauertrule.

Ifthecurvaturefunctionischosenas

(37)
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then

with

with ~= 1 a basicequationthe
Yc

theexceptionthat --# replaces
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sameas (10)isobtairmd,
YCa ontheleft-handside.

G
Hencethesamebasiccomputationsasalreadymadefor-thotwo-
dimensionalcasecouldbeusedhere(withl= q <2). A1.bhougha
moregradualriseofvelocityincrenentwlthMachnumberisthus
obtainedthanforthesamesectionintwo-dimensionalflow,therise
isgreaterthangivenby thePrandtl-Glauertrule.Thel?randtl-
Glauertruleis,infact,againthelimitingruleformall disturb-
ances.It seems,however,thatithePrandtl-Glauertrulemayover-
estimatethe”effectof subsoniccompressibilityepeedsonslender
bodiesofrevolution.

Perhapsthemostreliablewayofobtainingcomprgsstblevelocity
distributionsforbodiesofrevolutionbyuseofa singbcurvature
functionistousethefunctio,n(37)with q and ~ ..adJustedin
eachcaseto satisfyboththeknownincompressiblevalueandthe
compressiblevalueforiqfln$tpgigallywall ~st~be.~ceofthe

.
_—.

stream,thecompressiblevaluebeingco-iderodas knownorobtainable
fromthegenerallinear-perturbationtheoryof compressiblefluids.
Thepermissiblevaluesof q and ~ thatsatisfytherequired

h

conditionsat infinitylieintheacute”anglodsectorsofthe ~
againstq planeboundedbythelines~ = 1 and ~ = 27 - 3.

The~resentstudyof compressibleTotential
dynamicshapesindicatesthefollowing:

1.Themethodwresentedforthecalculation

—

flows~astaero-
.-

of compremible-flow
velocitydist~ibutionsyieldsresultsforsymmetricals~ctlonsin

..

satisfactorya&reementwithexistingresultsbasedon-calculationto
thethirdorderinthethiclrnessratio,‘ ‘-“““ ‘- ““ -

2.!i!heresultscanbe presented-intheformofa“setof
compressibility-correctionrulesthatliebetweenthePrandtl-
Glauerbruleand”thevonI@m&-Tsienrule(approximately).The
differentrules_correspondtodtfferentvaluesofa local.shape
Tarameter*a, inwhich Y istheordinateand Ca is the
curvatureat a pointonanairfoil.

3.The effectof cficulation
is,withoutvelocitypeaks,canba

4.Conditionsinthefieldof
simply.

atdes@rliftcmiiltlons,that
takenIntoaccount.

theairfoilcanbe calculated
.

.
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5.Themethodgivenfortwo-dimensionalflowcanbe applied
alsotobodiesofrevolution.

6.Thegeneralmethodofusingthestreamlinecurvatureap~ars
applicableto anya,zbsonicor supersonicflowprobleminwhicha
satisfactorilyaccurateestimateofthecurvatureofthestreamlines
canbe madeintheportionoftheflowfieldof interest.

FlightPropulsionResearchLaboratory,
NationalAdvisoryCommitteeforAeronautics,

Cleveland,Ohio,May24,1946.
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THEE’OXEN!lT.~LIMII!PHENOMENONANY)TEEAHALCKiY

WITHFLQJTHROUGHA CHANNEL

Th13pointsof infiniteslopeonthebasiccurves(figs.2
and3)havebeenseento correspondto limitingsolu~,~onsfor
~ot~ntid flowby thepresentcurvaturern~~d. T~es~~int6cor-
respondtopoints.onu airfoilatwhichthe.looal.MaohnwnberM
is&l*eaterthan1 andat‘~hiclithefluidacueloration-isinfinite
if ~/ds and dq/dsarenotzero.Furthamorethe 14= 1
boundaryIntheflowfieldcontainsa cuspff thefluidat the
laterallycorrespondingpointontheairfoilhasinfflniteaccol-
eratfon.Thiscuspconstitutesan enveloFeofthehkichllnesin
the(supersonic)neighborbud.ThoseProyorti.espermitidenttii-
~at~~ofthepoints in WS ~lo’w fie~ CO~~GSpOn.ding tO pOiIltS Of
jnfinfte SZOPO on we ~aSj.c CUrVOS ~k~ pjats on thoIimftinglins
ofreference5.

Inthedetarmlnati.onoftideessentialreasonfor.thooxistenco
ofa limitingpotentialfzowsolution,aswellas tho-significance
ofthepossibilities@:/ds = dq/ds= O,thoanalw withtho
flowthrou~ha Convorg@divergingcha?md.isili~f~tiw. Con-
siderfirsttheone-dimensionalflowthroughthechannel.The
GqUatiOnof continuityoanbewritten

QVA= 1 — (38)

. .

. .

.- .—.—

inwhichA is‘decrGss-sectionalareaofthechannelandall
quantitiesaroexpressedasfractionsoftheirvalues-ata reforonco
stationO upstrczznofthominimumsection,calledthochannelfroo-
stroamstation.Equation(38)yieldswithaquation(3)a family
of curmsofvelocityT againstarea A withchanng.1freo-~tr~~
Machnumber~ asparameter(fig.20). ~oso curvogo.tiibit
pointsof infiniteslopeanalogoustothoseoffify.n-..2.

-.
Iffor

themomentonlysubsoalcflowinthechannulisconaid~rod(branch “
BC infig.20),thereexistsat C a minimumchannelareafor
given~ orforgivenchannelareaa maximum~ f~rcontinuous
one-dinmnsi.onalflow. Thofluidacceloratimalongthoaxis x m=
thechannelIs

—

~ m ~ dYd!l—.
E= dAdx (39) .
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inwhich,by equation(38),(18),and(3)

dV v
a= A (M2-1)

(40)

Ata pointof infiniteslopeinfigure20, dV/dA= CO;hencethe
fluidaccelerationis ifliniteunlessposeiblydA/dx= O. The
limittngsolutionoccurs,by equation(40),at a Ioml Wch number
ofunity.Tkus,%y a one-dimensionalargumentindependentofthe
irrota’cionalityconditicna limitingsolutionanalogousto thatfor
theisolatedairfo~lhasbeenderived.Itmaybe notedthatthe
upper-branchsolutionsCD (fig.20),aswellas theulper-byanch ........
solutionsof thebasiccurves(fig.2),correspondtotheover-
lappingsupersonicflowpatternsthathavebeenoltainedby the -.
hodographmethod.(Seereference11.)

Theanalogybetweenthechannelandtheisolatedairfoil=
bemadestillcloserby considerationofthetwo-dhnensionalfeatures
of theflowintheminimumsectionofthechannel.As thechannel
free-streamMachnumber~ is increasedby increasingtheover-all
pressuredifferenceacrossthechannelthroughexternalmeans,the
maximmnlocalWch numberatthewallincreasesat a greaterrate.
Fora sufficientlyhighbut“subsonicl%, localsupersonicregions
a~pearIntheneighborhoodof thewalls(fig.21). Thisflow
patterncorrespondsto thesolutlons

$-
tricalwithrespecttothe

y-axisstudiedbyMeyer(reference12 , G. I.Taylor(referen-13))
andothers.It ismlogous tothecontinuousmixedsubsonic-
supersontcflowpatternforisolatedairfous. Theone-dimensional
continuitytreatmentindicatedanuppersubsoniclimitfor ~.
Thetwo-dimensionalflowpatternforchannelsindicatesa similar
upperlimiton Kb and,Inaddition,providesthedesiredinsight
intotheisolatedairfoilcase.

The limiton ~ comesaboutbecausetheflowat stationO
(fig.21)mustpassthz-oughtheminhnnnsection.Thelocalmass
flawintensitypv is,however,a maxlrn~ata ~cal ~ch n~ber
ofunityandtillbe lessthantheflowintensityat thechannel
free-streamstationinportionsofthelocalsupersonicregionsAB
and FG, whichincreaseas ~ is increased.Whena furtherincrease
inextentof thelocalsupersonicregionswouldresultina decreased
massflowthroughtheminimumsectionfromthecausejustindicated,
‘thenthemassflowhaereacheditsmaximum~ossiblevalueandthe
chsnnelissaidtobe “choked.”

Thee@_anationforthelimitingsolutionintheisolatedair-
foilcaseis similarlyformulated.Along the Po+--tial lficI ~
traversingthelocalsupersonicregion(fig.1)themaSSflw
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intensityratio Q isaruaxlmumatthesonicpoint C andless
p~vo

thanunityovera EeCtion~ ~n.thesupersonicregion.Whenthe
~ss flowtntensity, integratedover BD,“-producesan insufficient
massflowto counterbahncet~ decreased~ontributiontothemass
fkw across~ inaccordancewitht~ requi~mentsof Wntlnuity
andisontropy(squation(6)),thenthellmftsolut~.onforpointA
on theairfoilhasbeenreached.Theflowfield,thoughin.fintte
inextent,canunderthisconditionbe saidtobe choked.Evidently
a localsupersonicregionmustextitbeforethe limit”~velocityis
reached.

.—

Theessentiallyone-dimensionalcontinuityargumentjustglvon
isnotentirelysufficienttoprovettiexfstenceofa limitsolution
inthetwo-dimensionalcase.Equation(6)alone,for:example,couJ.d_
alwa~sbe eakisfiedby a suitablechoiceof v(y); or lar~e@ream-
~inecurvaturesresulting in hrgg flaw deflectio~ mj.ghtset in at-”
Supercriticalspeeds,thus,destroyingthevalidltyofequatton(6). .

Thesepossibilitiesareeliminatedby theirrotationalityoondition,
whichcontrolsandlimitsthelateralvariationofvelocityinthe
flowfield.Thus,theisolatedafrfotllimitingeolutionIsactually .
producedby thecombinationof irrotahionaljty$continuity,Bernoulli’s
equation,eqlzationof state,andboundaryconditionsinequation(10).
Theconditionof completelyirrotationalflowisnot,howevor,abso-
lutelynecessaryfor..alitiitsolutlon.Rotationalflowscharacterized,
forexampleby almostanyfunctionof’v ontheri~ht-handsideof
equation(1~wouldyieldlimitsolutions,at leaetforsmallvalues
ofthefunction(rotation).Theequationsofhmtionintheform
analyzedappear,h fact,tooffera convenientmeansof including
rotationaleffectsandeffectsof changesintheequationof state.

Finally,someremark~aremadeconcernhgthepossiblerelationof
theactualshockwaveonanairfoilinthemixedsub80nic-supersonic
(suyercritical)flowregimetotheyotentiallimitsolution. As noted
inreferences5 and14,theobservedshockonanairfoilInthesuper-
criticalflowregimeapyearstobe formedasa result_oftheever-presenti--
randompreseuredistn’bances,someofwhichtravelupstreamat relative
sonicspeedandpileupto formthedownstreamboundary)roWhlY~~aki~~
of thelocalsupersonicregion.Inotherwords,shockwcndi..not-arfse
in a completelysteadyflow;andan inoreaseoffree-streamMachnumber
(anonstsadyeffeet)wouldpresumablypermitattainmeiitofthepotential-
llmitsolution.Althoughitseemsyossiblethatthepotential-limit
solutionmightinsomecaseslimitthelocalMachnumberatwhichtho
shockstabilizes,themaximumlocalMachnumberscorrespondingtothe
potential limits of thispaperareforthemostpartgreateronnormal a
airfoilsthanthoseatwhichtheshockstabilizes.flence, the actual.
shocknormally”preventsthepotential-limilysolut~onfrombeingreache_d.. __
Thereappearstobeno directrebtionbetweenthetwophenomena.

—
.
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Thequestionas towhatwouldhappenifthepotentiallimit
solutioncouldbeattainedin somemanneron an isolatedairfoil
canperhapsbestbe answered%y againconsideringtheconver@ng-

.

divergingchannel.Inthechannelthelimitsolutioncannotonly
be reached(pointC infig.20)butthesecondsolution(branchCD)-
canalsoexist.Themechemismthatproducesthissecondsolutionis
theover-allpressuredifferenceacrossthechannel,appliedthrough
externalmeans.!!31ispressuredifference,whensufficientlyincreased
causestheshock,whichhasformedin thelocalsupersonicregions
ina memnersimilarto thatonan Isolatedairfoil,tomve dew-
streamfromtheminimumsectionasa moreor lessnormalshock
spanningthechannel.Theregionof thechemnelbetweentheminimum- .
sectionandtheshockGontainstilesecondsolution.Thus,the i
upperbranchsolutionCD canexistasa continuationof thelower
branchsolutionBC withno shockintheneighborhoodofthelimit
solution,point C. Thefluidaccelerationof equation(39)is
finiteatthelimitpointwh~choccursat theminimumsection
dA/dx=O. In theisolatedairfoilcasetheanalogousoccurrenceof

-dqOa potentiallimitsolutionata pointwhere — = — =
(equation(25))leadsto theconjecturewhetlle~sasim!??artransition
through’thepotentiallimitsolutioncouldnotbe effectedat sucha
-point.Innormalisolatedairfoiloperationtheonlymechanism
availableforincreasingthelocalMachnwnberis tomovetheairfoil
faster.Theover-allam%ientpressureremainsatios_phe.ricOThefact ._
thatinthechannelthenecessarilyasymmetricalboundaryconditions
of over-allpressuredifference(thesamechannelareaatbeginning
andendof thechannelisasswwd)canproducean asymmetricalflow
aattezqcontaininga transitionthroughthelimitsolutionwould
thereforeindicatethatonen isolatedairfoilsubjecttQthe
symmetricalboundaryconditionof constantatmosphericpressurea
transitionthroughthepotentiallimitsolutioncouldnotbe effected.
Artificialmeans,however,suchas thepropercombinationofaitioil
shapeandsuctionslotintheairfoilmig@ “pulltheshockthrough”
ina localregionneartheairfoilandthuseffecta transition
throughthepotentiallimitsolutiontoo~arationon anupperbr~ch ‘-__”
of thebasiccurves,(fig.3).



AP?ENDIXB ... .—

Thecompressibilitycorrectionruleof..Groaie(roYorenco2)
canbe derivedasfollows:Fora fixedairfoilordinat~Y, the
right-handsideof equation(7)marbewrittenforbothcompressible
andincompressibleflowstoyieldtheequation

J“v -“vi
pv-ldv,= -I Tf,-1

—. flvi
—

Cv cfv~
(41)

1 . .1 -.

inwhich,fora givenairfoil,bathtke-coqyreasibleandimompress-
iblecurvatureftictionsC and Cl satisfythesm”-boundary
conditions. .

TheGreenerulecorrespondstotheeq~ation,equivalentto
equation(18)ofreferenc~2:

or

I‘v pdv- logeQ= (Vi-1)‘=-ogeVi .. (43)
;1

For y = 1.4, theintegralin equation(43)canbe evaluatedin
closedform. ‘Theresultis:

j-v vJ’[
.

I pdv= 1 - “0,2%2 (v2-lj12”5dv ““
u’1 1 -1 ——.

(44)

(45)

—

—

—.

.

.

—

.
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F(~) =*(cof3@ +9cos 29+23) +~q (46)

(47). .

Shlql=v

ThefunctionsG (~) and F (9)
raspectivoly.

Transitionfromequaticn(41)
spondoncebetweenthecofiprcssible
incoayrossiblecurvaturofunction
spondenco.con~idartheinte&wands

+ 0.2q~

sin90

areplottodinfigures2-2end23,

to (42)requiresa certaincorro-
curvaturefunctionC andthe
Ci. ~ orderto soethiscorre-
of equation(41)~lottodagainst --.

v and vi, respectively(fig.24(a)).A one-to-onbcorrcspondcnco
betweenv and vi canevidentlyalwaysbe establishedsu_chthat
theelementalareasmakinguptheintegrals5nequation(41)are
equal,a~ indicat@by thecross-hatchedelmontsin figure24(a);
thus, .- .,.-

(49)

Asidefromoaseswherea large100alsupersonicrogtm oxist8next
tothaairfoil,inwhichcaseitispossiblefoxthe_.cwva~~o.@ _
haveamaxim?nawayfromtheairfoil,as indicatedby thedottod
lineinftgure24(b),thecompressiblecurvaturefunction C and
the incompressiblecuiwaturefunctionCi bothstartfromthew.
-ralueCa at theairfoilanddocreasomonotonically(forchordwiee
stationsnearthatofmaximumvelocity)to zeroat y == or
v =“~i = 1. Hence,a one-to-onecorrcmpondcncebetweenv and vi
canbo establishedinfigure24(b)su&_that C = Ci at correapondimg
v and vi. If thisone-to-onecorrespondenceis thesameas that
bywhichequation(49)wasobtainedfrom(41),thecurvaturefunctions
cancelouto: equation(49),whichcanthenbo integratedtoyield
equation(42).

Ingeneral,thetwoca’respondencesjustdiscussedarenotthe
Bame.Inthiscasetheoorres~ondencoin v and vi loadingto
equation(49)canbo ragarhdas retainedanda oomprcssiblecurva-
turefunctionaasuuedthatisobtainedby thiscorrespo@oncefrom
theincGrnpreesiblecurvaturefunction(indicatedby thedot-dash
linefnfigurc24(b)).Thisprocedureagainyieldsequation(42)
from(49)by cancellationof.C and Ci andintegration.Thecon’i-
prcmsiblecurvaturefunction.thu~setup satisfiebtheboundary
conditionsandconstitutestheessentialapproximationoffGreeneJs
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rule(inadditionto theneglect
llneeinvolvedinequation(7)).

ofthecurvature

NACATN No. 1.328

of thepotenttal

Thepotential.limit.gurvecorre.8pondlngtoGreen6’sruleis
thatforwhich

or,by equatton(4.9)

(50)

1.

2.

3.

4.

5.

6.

7.

8.

pv=l (51)
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TABLEI
MSIC CALCULATIONSBY CmVATKIREM~HoD FoR poSITIVE W~CI’TY INCREMENTS
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TABLEI - CONTTNU2D
BASICCATJOULATTOF=BY CURVATUREMETHODFOR FOSIT1V2VELOCITYINCR2M2NTS- CONTINUED

Dge v 0.48 0.52 0.66 0.60 0.64 0.68 0.72 0.76 0.80 0.84 0.88
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.2108
.3602
.5822
1.0436
L.6519
-mim
.2154
.OB1O
.3086
.8401
1.3980
m

).l~
7

~

2.8713
.9955
1.1812
1.4978
?.2172
5 2256
.7366
.8518
1.0247
1.3202
1.9900
Z 9247
.5554
.7641
.9297
1.2127
1.8531
2.7430
.S425
.6466
.8034
1.0710
1.6735
2.5054
.3042
.4821
.6310
.8817
1.4376
2.1951
.1150
.1771
.3569
.6059
1.1129
1.7764
-mm
.2707
.1228
,3858
.8897
1.5000
-z!mJ

.3753 .4261

.3476 .4023

.2144 .281S

.S496 .5668
1.06591.1375

CurvatureSunotlon,C = C/lo* v ~
10ge COt.dlTTEEF

D 1.0 .511$?.5568 .6030 .6497 .6969 .7447 .7930 .8420 .8!314
.5 1.0 .4074 .4393 .4706 .501.2.5311 .5600 .5879 .6147 .6402
.6 1.0 .3548 .3796 .4031 .4263 .4459 .4648 .4818 .4967 .5092
.7 1.0 .%%328.2972 .3091 .3185 .3247 .3275 .3263 .3204 .3089
.8 1.0 .1699 .1629 .1480 .1207 .0642 .09BQ .1659 .2223 .2751

3.9301
1.064
1.2646
1.6070
2.3852
3●4758
.7808
.9052
L.0922
1.4123
2.1378
Zl&21
.6878
.8083
.9876
1.2945
1.9887
2.9523
.5662
.6763
.8406
1.1395
1.7934

%#

.6581

.9321
1.5369
2.3586
.1874
.1169
.3476
.6276
1.1834
1.9047
m
.3255
.2063
.37’?2
.9393
1.6050
~
.4785
.4585
.3463
.5815
1.2107

).9902
L.1343
L.3502
L.7194
?.5589
5.7350
.8249
.9590
1.1607
L.5064
2.2901
!.3817
.7222
.Q522
1.0460
1.3778
?.1283
5.1687
.5861
.7088
.8934
1.2086
1.9165

%%J

.6836

.9821
1.6384
?.5272
.2484
.0957
.3313
.6472
L.254FI
2.0371
.4041
.3804
.2763
.3617
.9883
1.7129
-z5?zm
.5322
.5163
.4105
.5936
1.2855
LTIONJ

1.0516
1.2062
1.4363
1.8354
2.7390
4.0045
.8691
L.0132
L.2305
1.5030
2.4475
5;6230
.7559
.8959
L.1048
L.4629
?.2724
5.3933
.5052
.7380

r1.11431.2798
1.5286
1.9549
2.9252
4i2839
.9132
1.0678
1.3012
1.7017
2.6090

E-8730.7887
.9391
1.1640
1.5495
2.4207
3.6257
.6221

I ;7657
:937r3.9017
1.27871.3496
2:04332:1735
3.09323.3030

:5113 :5145
.7074 .7292

+

1:03211:0819
1.7427l.849I3
2.70192.8824
.3050 .3619
.1936 .2676
;30s91;2684

4--5n;6581 ;6797
1.32781.4020
2.17392.3151
.4601 . 7
.4357 ,4913
.3417 .4050
.3377 .3030
1.03901.0896
1.82441.9393
.
.5869
.5751 .6349
.4748 .5392
.6034 .6110
1.36251.4417
ADVISORY

IRAERONAUTIC

T

.9415 .9922

.6644 .6870

.5192 .5263

.2905 .2631

.3263I .3766

.—
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NACA TN NO. 1328

TABLEI - CONCLUD2U
PASICCALCULATIONS27COFLVATUREM’ETNODPORPOSITIVEVEM)CITYTNCR~NTS- CONCLUDEII

Lagav 0.!32 0.96 1.00 1.04 1.08 1.12 1.16 1.20 1.24 1.28 1.32
v-1 1.50931.61171.71s31.24?921.94472.06492.16992.32012.4S562.5s662.7434
MO n

r W=_

o

.4

.6

.6

.7

.6

.23

.9

I

F
1.2
1.4

;::

~

1:4
1.6
1.s
~
1.0
1.2
1.4
1.6
1.8
++

1:2

:::
1.8
x
1.0
1.2
1.4
1.6
1.8
*
l.l?
1.4
1,6
1.s
+$

1:2
104
1.6
1.8
~

1:2
1.4
1.6
1.6
~

curvature-“’’”no c = 4+)”
,.17041.24301.3108
,36631.43%?61.511s
,.62151.71681.0148

.---- .-——
1.S23611.60SS1 I I 1 I

“V’’””‘“”0’10”’c“c<+%+}
o

.6 1.0

.7 1.0

.8 ] 1.0 ..4262 .47s1.5229.6694.6143
kg. v 1.36 1.40 1.44 1.48 1.32 1.56 1.GO 1.64 1.68 1.72
1-1 2.e9623.0552s.2207Z.39S98.57223.756243.Q3304.16524.36564.6s45

‘n’’”’”‘met’””gc = C$’G*7
*5 1.0 0.77200.76690.’75310.73710.7195 I I I

36



37 ‘- NACA TN No. 1328

TABLE II .—

8ASICCALCULATIONSBY CURVATURE~THOD FOR ~GATyVE ~MCITY InCrementS

age V
r- 1

MOln I pa

Curvature function, C = (

cz--

T

m-
L.2
L.4
1.6
L.8
L*9
E
1.2
1.4
1.6
1.s
1.9
=
1.2
1.4
1.6
1.8
1.9
z
1.$2
1.4
1.6
1.s
1.9
m
102
1.4
1.6
106
1.9
G
1.2
1.4
1.6
1.8
1.9
m
1.2
104
1.6
1.8
~
100
1.2
1*4
1.6
1.8
1.9

J755zr
.0443
.0510
.0624
.0880
.1243
.0366
.0406
.0469
.0573
.0806
.1140
.0346
.0386
.0444
.0541
.0764
.1078
.0319
.0366
.0411
.0501
.0706
.0996
.0286
,0319
.0367
.0448
.0631
,0890
.0243
.0270
.0312
.0380
.0632
.0749
.0216
.0240
.027S
.0335
.0469
.0669
.0182
.0203
.0230
.0279
.0390
.0548

mg
.1434
.1820
.2655
.3597
.1077
.1199
.1377
.1676
.234e
.3302
.1022
.1138
.1307
.168s
.2223
.3123
.0953
.1059
.1215
.1475
.2060
.2890
.0062
.0958
.1096
.1327
.1848
.2587
.0746
.0825
.0941
.1136
.1568
.2186
.0669
.0740
.0841
.1010
.1389
.1928
.0560
.0638
.0722
.0860
.1170
.1612

I).1904.2118
.2429
.2!350
.4124
.5787
.1767
.1963
.2248
.2724

0.2615
.2902
.3320
.401s
.5592
.7824
.2437
.2700
*308i
.3720

.37961.5156

4.5317.1684
.1869
.2138
.2587
.3598
.5035
.1577
.1748
.1996

.7195

.2330

.2578

.2!339
‘3540
.4892
.6815
.2191
.2420
.2753

t

.2409 .3306

.3340 .4550

.4662 .6319

.1438 .2012

.1591 .2217

.1812 .2513

.2179 .3004

.3005 .4106

.4180 .5675

.1261 .1784

.1389 .1957

*

.1s74 .2205

.1880 .2613

.2566 .3525

.3544 .4828

.1147 .1641

.1260 .1793

.1422 .2010

.1689 .2359

.2286 .31S6

.3137 .4287

.1015 . 4

.1109 .1603

.1242 .1782

.1460 .2072

.1946 .2712

.2639!.36$28

‘v -1$
,m)
.3299
.3654
.4169
.5029
.6967
.9721
.3086
.3411
.3883
.4667
.6434
.s947
.2958
.3265
.3710
.444B
.6112
.8480
.2793
.3076
.3486
.4166
.3693
.7870
.2581
.2834
.3199
.3801
.6152
.7080
.2312
.2526
.2831
.3331
.4447
.6042
.214S
.2334
.2601
●3030
.4000
.5382
m
.2112
.2334
.2688
.3466
.4580

cOMMY

JO*39a.4374
.4979
.5986
.8256
1.1486
.3716
.409710.4S92.5066

.5761

.6892

.9465
1.3131
.4325
.475910..572;.6488

.7751
1.0599
1.4663
.4915
.5396

.4550 .5385 .6090

.5568 .6425 .7241

.763S .8666 .9829

.

.

—

.

4+.3868 .4520 .5153
.4571 .5314 .6031
.6147 .7092 .7991
.8400 .96391.0804
.2840 .3366 .3887
.3092 .3653 .4207
.3450 .4059 .4658
.4033 .4718 .5384
.6331 .6179 .6991m
.48171.56051.6366]
.6422 .7412 .8352
.2441

.2891 .3450 .4007

.3305 .3918 .4524

.4205 .4927 .56=

.6494 .6371 .7212
TIONALADVISORY
TEE FOR AERONAUTICS

LogeV -0.08
v-1

MO m ~ ●

ogeV ~Curvaturefunction,C = Ca &
-\Loge VI

o 1.0 0.07930.15690.23310.30
.6

78 0.38120.46330.62410.5936
l.o .0693 .1382 .2068 .2760 .342s 94094 .4767

.6
.5412

1.0 .0643 .1291 .1940 .2690 .3237 ●3882 .4523 .5160
1.0 .0580 .1172 .1775 .2384 .2998 .3612 .4226 .4839

:: 1.0 .0496 .1020 .1563 .2122 .2692 .3269 .3832 .4437
.

.
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TABLEII- cONCLUDED
BASICCALJ3JLATTONSw CURVATUREMETHODFOR NEGATIVEVELOCITYINCREMENTS- CONCLUDED

Logev I-0.681-0.761-0.84I-0.82I-1.00I-1.08I-1.16I-1.241
r-1 -0.4934.53230.S68S .601s .5s21 .660

Me T) m
Curvaturefunction, C = Cspa)” I

iT
1.2
1.4

:::
u
1,0

;::
1.6

g

1.2
1.4
1.6
1.s
+2$

1.2
1.4
:::

1.Q
m
1.2
1.4
1.6

:::
m
l.e
1.4
1.6
;.:

$

1:4
1.6

g

1.4
1.6
1.8
z

7
.S7920.6361
.6364 .6976
.7192 ●7864
.8566 .9339
1.16641.2664
1.50201 7422
.6487 .6041
.6012 .660s
.6’767.7416
.8017 .8757
1.0!3301.1774
1 67 6099
.s304 .s860
.moo .6383
.6612 .7148
.768S .8408

?

1;03291;1239
1.41141 5302
.6070 .5605
.6829 .6099
.618s .6S03
.726S .7958
.96801.0546
1.31471.4265
.4 4
.6185 :5739
.5769 .6S66
.6’721.7386
.8846 .9658
1 18991 2929

:4753 :5288
.5243 .5816
.6032 .6660

t-

;7770 :8515
1.02711.1189
.4178 .467
.4491 .5017
.4918 .5477
.5601 .6209
.7100 .7007

T‘9i461-0095.3 .441
.4195 .4711
.4559 .5104
.5121 .5707
.6314 .6977
●8018 8790

m\--
0.69090.74390.7951
.7564 .8129 .8673
.8508 .9123 .9713
1.00731.07701.1434
1.36031.44871.5319
1 866 1 982 2 090s
.6577 .7097 .7601
.7177 .7730 .8264
.8039 .8638 .9212w;94621;01341;07751.;;6;;.;5011.4292

1
.5379 .6094 .7393
.6947 .7492 .8020
.775s .8348 .0914
.9095 .97631.0381
1.%?0971.29091.3676
1;64131;7454i;i3428
.6126 mg .7127
.6682 .7708
.7400 .7976 .8532
.8624 .8263 .9675
1.13661.21441.2881
1.53141.62981.7221

.6945 .7506 .8050

.S026 .8642 .9234
1.04301.11551.1865
1.s8981.48101.5688

.5375 .6919 .7449

.726S .7s59 .0430
;9229 :99i31:0567
1.eo571.28781.3656
.5172 .S658 .6135
.6634 .5042 .6539
.6025 :v~s: .7084
.6800 .7935
.8486 .9141 .9769
1.09031.16711.2401
.4906 .5388 .5862
.5220 .5722 .6215
.5641 .6168 .6604
.6281 .6842 .7389
.7621 .8243 .8845
.s5s91.02371.0913

0:::37 0.89240.03874
.97021.0189

1.02771.08191.1339
1.20651.26661.323S
1.6102;.;8401.7537
2.1915. 602.3744
.SOS9 .8553 .9022

.97651 02961“:%

.8779 .9277

1.13871:19721:2530
1.50391.57451.6412
2.03002.11982.2031
.7877 .834s .S805
.8530 .9024 .9502
.9459 .99851.0491
1.09821.15571.210e
1.44021.50891.5799
1.93422.01982.1002
.7607 .8075 .8530
.8213 .8702 .9176
.9069 .95871.0088
1.04631.10261.1567
1.3s791.42421,4872
1.80881.89031.9669

,8577 .8087 .9581
.98051.03551,0884
1.25301.31651.3769

.7965 .8455 .s954

.8982 .95161,0033
1.11941.17941.2369
1.43931.50911.6753
.6603 :;;% .7512
.7026 .7967
.7594 .s091 .8575
.8477 .9003 ●9514
1.03741.09551.1514
1.309s1.3765 1.4384
.63Q8 .6786
.6699 ,7173 :76%
.7189 .7682 .8164
.7922 .8441 .8946
;9427 ;99891:0532
1,15611.21801.2774

NATIONAL ADVISORY
COh!UITTEE FOR AERONAUTICS

lLa&v
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v-1 4.617 I I IMaim C

Ourvaturefunatton,O = C.(*Y
o 1*O 0.6620
.5 ;::
.6 .5791 .6416 .7036 .7647
.7 1.0 .6460
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Figure l.- Compresslble potential flow past symmetrical airfoil.

-n
m
.

i



Fig.2
-..

NACA TN NO. 1328

a.

1.

1.

1.

1.

- 1.
FL

4.”e

1!.

i
h
$

:.
~
!-l=-(
g

:.

.

-.

-.

-,

Airfoilourvktureparameter,Wa
Pi H !2.- Poaltlvevelooltylnornmantonairfoil●e a funotionOf●irfoilordinate
Fan. .1.,011Wrr.tumO*,0,variousV.IUOS0, ,Iwe-.trsam:: ;UmJy MO.
ValueSoomputcdfr!m.quatioa(10)andtabulatedintabloI.
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NACA TN No. 1328 Fig. 3a.

.

.

.

1

1

Airfoilcurvatureparameter,~~a
(a)Free-streanlltchnumber~ c0.
Flwe S.-Pocitivcwelocltylnoromantonairfoil● a functionofalrroilordinateY and

●irfoilcurvatureCaforvariousvaluesofq. Valuescomputedfromequatlori(10)for
V>l andtabulatedintableI.

●



Fig. Sb — NACA TN NO. !328

0 .1 .8 ,s .* .0 .0 ,7 .8
Airfoilouxwstureparmmotor,ma

(b)Prce-streemlkabnumber~ s 0.4.
Figure3.-Continued.Positivewaleoltylnoromonton’airfoilaa● funatlonof●irfoil
erdineteY andairfoilcurvatureCaforvariousvaluesor n. VSIU.8oomputedfrO!s
equation(10)forV>1 uidtabalctidintebl.1.

.

.
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Airfoilourwtureparameter,~~
(o)FrOa-ctramMachnumber~ = 0.6.
Figure3.-Oontinwd.Positivewolooltylncrmenton ●irfoil as ● functionof ●irfoil

%%?E ho~ f.?V >1 andtab.1.tsdIIItableT.
a d airfoilcurvatureC forvariousvaluesofq. Valuasaomputed@n

Fig. 3C
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Y NACA TN No. 1328
Fig. 3d
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TN No. 1328 Fig. 3e

1

1

1

1

Airfoil aurvature pramter, ~
(e)Free-streamUmh number~ . 0.7.

?igme 3.-continuedPositive voloelt~ incramantonairfoilas a function0!’airfoil
ordinataY and●irfoilour?atureCaformrlousvaluesofTI.Valuesoomputedfrom
equation(10)forV>1 mndtsbulatedintable1.
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(f)Free-streamMachnumberMe s 0.8,
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F!gura3.-Continued.Positiia volecityincrementonairfoilasa funotienofa rrOil
ordinate Y andairfoilcUrVaturOCa COPvariousV11U9Sofq, $Valuesaomputsdremequation(10}forV >1 andtabulatedintableI.
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TN No. 1328 Fig.
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0 .1 .2 .s .7 .8

‘irfoi’’::’a’~-’~fam’ers “k
(g) Fre.-StreamMmhnumber~ = 0.8S;
Figure3.- Continued.positivevelocity!ncrementon airfoilas~ functionOfairfofl
ordinataY ●nd airfoilcurvttureC forvariousvalueeof q. valuescomputrdfrom
equation(10)forV>1 andtabulatea{ntableI.
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Fig. 3h NACA TN No. 1328

. .Alrro~lcurv~tumparameter,m
(h)~00-CtrOSmMaohnumber~ . 0.9.
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NACA TN No. 1328 Fig. 4a

(a) hwo-streamMaohnumber ~ = O.

4.- Me tive r.loottyinorenenton airfoil●s a funoticmofalr~ollordinate
“=. air,o!?ourvatura% forrarlo.svaluesofq.
(lo)fOrV<l andtabulstedin t~bleII. Valuesoomputedfromequntion

.

.
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Fig. 4b NACA TN No. 1328
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i-Airfoilourvatureparameter,. Y~

(b)Free-streamIfaohnumberM. = 0.4.

Figure4..Continued.HagativevelocltyIncrementon ●irfoilas a functionof
airfoilordinateY and airfoilcurvatureCa forVariOU#ValUeS of q. values
oomputedfromequation(10)forV<l and tabulatedin table11.

.



NACA TN No. 1328 Fig. AC
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Alrfollaurvatureparameter, .~~
--

(of=ae-streamMaohnumberIIe= 0.6.

lTegatlvewloelty in.mementon airfoilas a funOtiOn or airfoil
‘1=,$,: %%~?~$,oi, cu,,aturu,,,0, va,icm, ,,lua’ Of q. V,hleS ocirnput.dfrOIU
equation(10) forV<1 ●nd tabulatedin tableII.
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Fig.4d NACA TN NO. 1328

Airfoilcurwatureparamater,-~~

(d)Free-streamMaohnumber~ ● 0.6.

.

Figure4.-Continued.Negativevelocitylnorementon alrroilas a runctionof sirfoll
ordimeteY andairfoilcurvatureCa forvariousvalueeof q. Valueecomputedfrom
equation(10)forV< 1 and tabulatedin tabla11.

.



NACA TN No. 1328 .—
Fig. 4e

Airfoilourvatum paraneter,.~~
. . .“

—.
.-

.

(8)*ee-streaaMachnumber~ . 0.7,

Figure4.-Continued.Negative veloolty increment on airfoil ae a funotlon of airfoil
ordimateY 8nd akfoll ourvatureCa for various valuesof q,
●quation (10)forV<l and tabulatedin tableII. vahMS computedfrom

.



Fig. 4f NACA TN No. ~3~
.-
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(f) Free-stream Maoh number MO= 0.8.
Fl~~ 4,. &ntinue&. Wegatlve velooltyinorementon airfoilan q fumotionof ●irfoil

ordinate Y and●irfoilourvatureCa for various valuesof q. Value#oomputedfrom
●quatlon(10)forV<l andtabulatedintableII.
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NACA TN NO. 1328 Fig. 4g

Airfoilcurvature parameter,-ma

(.s)Free-streamMachnumberM. = 0.S5.

Figure4.- Continued.Negativevelocityincreaenton airfoilas ● functionof alrfall
ordinateY and airfoilcurvatureCa for variousvaluesof q. Valuescomputedfrom
●quation(10)forV< I and tabulatedin tableII.
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Fig. 4h NACA TN NO. 1328
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